Sobolev inequalities in two-dimensional hyperbolic space I[-][ are dealt with. Here [HI is modeled on the upper Euclidean half-plane equipped with the Poincar6-Bergman metric. Some borderline inequalities, where the leading exponent equals the dimension, are focused. The technique involves rearrangements of functions, and tools from calculus of variations and ordinary differential equations.
.)
Though chiefly concerned with an existence theory for a partial differential equation, Fraenkel had an eye to the sharp form of his inequality, and detected indeed such a form in the case where q 2 and q 10/3. If q--2, the smallest constant A, which renders (1.1) true for every test function g), is exactly 1 Two moves help to disentangle the matter. One, which did appear in [7] and turns (1.1) into 3 jc u 2 dx dy (1.2) is making the change of variable (x, y) v u(x, y).
Another is realizing that (1.2) falls under Sobolev inequalities in the hyperbolic (or PoincarO) half-plane.
The present paper is the second of a series, devoted precisely to these inequalities. It continues 16 ], which we refer to for preparatory results and a bibliography, and focuses some borderline Sobolev inequalities instances, such as (1.2) , where the leading exponent equals the dimension.
A motive here is to point out that certain lineaments of the hyperbolic half-plane the Riemannian length and area, the geodesic polar coordinates, the isoperimetric theorem and the theory of Constant factors apart, some ofthese solutions appear in Theorem 2.2, and one of them appeared in subsection 1.1.
(iv) The function defined by (2.11) satisfies boundary conditions (2.3). Property (2.4) holds if in addition q_< 4, whereas (2.5) holds plainly. The function defined by (2.12) does the same if 2 < q _< 6. Coupling (2.6), (2.1 !) and (2.12) would give C(2, q, R) (2r)1-2/q (q 2)-1-2/q (2.15) in the case where Proof Formula (4.4) is a variant of an inequality by Bliss [3] . We deduce that the set mentioned above is compact with respect to the topology of Lq(O, o), and the restriction of K to such a set attains a least value.
FURTHER LEMMAS
Since J is positively homogeneous of degree zero and
the assertion is demonstrated. This inequality includes the following information:
Iv'(s)l ds < oo, because of formula (5.5) and Lemma 5.1. We deduce that v is continuous up to 0. Dividing both sides of (6.5) by s, then letting s 0 gives (6.6). trivially these conditions are included in the membership to . (sv'(s))2ds < oe, (7.2) and obeys the following boundary condition (ii) Let 2 < q < oc; if v satisfies (7.1) and sv'(s) --, 0 as s 0 then (7.3) holds.
Proof of (i) Equation ( (v) are an immediate consequence of (7.5) and (7.6). 7 .5. Let us assume 2 < q < oc, and examine how the solution u to (7.5) and (7.6) Coefficient Q is defined as in (7.11) . The following properties are easily inferred from (7.12), (7.14) and (7.15):
(i) ]w(t)l < (Constant). for every positive t;
(ii) w is asymptotically linear, and Iw-(asymptote)l approaches 0 exponentially fast as approaches ; (iii) w has finitely many zeroes and finitely many bend points.
LF.MMA 7.1 Let u satisfy (7.5), (7.6), and let w satisfy (7.14) and (7.15) .
Then w(t) < u(t) 0 is positive and does not exceed the first positive zero ofw.
Proof Equation (7.5) (7.5) , (7.6 ) and (7.8) . Then the solution w to (7.14) and (7.15) has one positive zero at most.
Although a formal proof eluded the authors, the truth of Lemma 7.2 may be reasonably inferred from the following facts:
(i) Suppose u satisfies (7.5), (7.6) and (7.8) . Then the solution w to (7.14) and (7.15) (ii) Suppose u satisfies (7.5) and (7.6), assume w satisfies (7.14) and q-1 (iii) Suppose q, , and a neighborhood of 0 are specified. Then both u(t) and w(t) can be computed with any prescribed accuracy for every from that neighborhood. Numerical tests show that no more than one zero of w occurs as long as u remains positive relevant information can be found in [15] .
Proof of (i) Let u be any solution to (7.5) , and let z be defined by z(t) u(t) t. u'(t), (7.18) the height above the origin of the tangent straight line to the graph of u at (t, u(t)). Equations (7.5) and (7. In other terms, we have dt 2 +(2cotht-q) dz 7 -d + Q(t)z-o, (7.20) provided Q is defined by (7.11) . Suppose u obeys (7.6) and (7.8) Since inequality (7.12) implies Q(t) <_ (q-1),/q-4, the conclusion follows.
7.6. Equation (7.13) , and Lemmas 7.1 and 7.2 tell us that L(t) < 0 for every positive if u satisfies (7.5), (7.6) and (7.8) . In other words, the solution u to (7.5) and (7.6) decreases steadily with respect to , as long as u itself remains an increasing function of t.
This implies that the solution to (7.5)-(7.8) is unique, and concludes the proof.
